Abstract. In [1] , the dagger closure is extended over finitely generated modules over Noetherian local domain (R, m) and it is proved to be a Dietz closure. In this short note we show that it also satisfies the 'Algebra axiom' of [9] and this leads to the following result of this paper: For a complete Noetherian local domain, if it is contained in an almost Cohen-Macaulay domain, then there exists a balanced big Cohen-Macaulay algebra over it.
introduction
A big Cohen-Macaulay algebra over a local ring (R, m) is an R-algebra B such that some system of parameters of R is a regular sequence on B. It is balanced if every system of parameters of R is a regular sequence on B. Big Cohen-Macaulay algebras exist in equal characteristic [7] , [6] and also in mixed characteristic when dim R ≤ 3 [8] . The existence of big Cohen-Macaulay algebras is extremely important as for example, it gives new proofs for many of the homological conjectures, such as the direct summand conjecture, monomial conjecture, and vanishing conjecture for maps of Tor.
In equal characteristic, the tight closure operation has been used to present proofs of the existence of balanced big Cohen-Macaulay modules and algebras. In [2] , a list of seven axioms for a closure operation is defined for finitely generated modules over a complete local domain R. Any closure operation which satisfies these seven axioms is called Dietz closure. A Dietz closure is powerful enough to produce big Cohen-Macaulay modules. It is to be noted that, in a recent work of Dietz [3] , axioms are extended beyond finitely generated modules.
In this context, it is worth it to recall the definition of an almost Cohen-Macaulay algebra ( [10] ): Let A be an algebra over a Noetherian local domain (R, m), equipped with a normalized value map v : A → R ∪ {∞}. A is called almost Cohen-Macaulay if each element of ((x 1 , . . . , x i−1 )A : A x i )/(x 1 , . . . , x i−1 )A is annihilated by elements of sufficiently small order with respect to v for all system of parameters x 1 , . . . , x d of A.
In [1] , using the algebra with normalized value map, we extend the definition of dagger closure to the finitely generated modules over local domain and we showed that dagger closure is a Dietz closure ( [1] , Proposition 4.5) when A is almost Cohen-Macaulay. As a consequence we showed that for a complete Noetherian local domain, if it is contained in an almost Cohen-Macaulay domain, then there exists a balanced big Cohen-Macaulay module over it ( [1] , Corollary 4.6).
Recently, in [9] , an additional axiom is introduced, which is known as the 'Algebra Axiom', and it is shown there that many closure operations satisfy this axiom. It is also proved that a local domain R has a Dietz closure that satisfies the Algebra Axiom if and only if R has a big Cohen-Macaulay algebra. In this short note we show that dagger closure as in [1] also satisfies the 'Algebra axiom' of [9] . This leads us to the following result of this paper.
Theorem 1 (Theorem 3.2). For a complete Noetherian local domain, if it is contained in an almost Cohen-Macaulay domain, then there exists a balanced big Cohen-Macaulay algebra over it.
In [8] , Hochster proves the existence of weakly functorial big Cohen-Macaulay algebras from the existence of almost Cohen-Macaulay algebras when dim R ≤ 3. Our result provides a partial extension that is not tied to the Krull dimension of the ring.
preliminary results
Hochster and Huneke defined dagger closure for ideals in a local domain via elements of small order. See [4] . We previously extended that notion as follows:
) Let A be a local algebra with a normalized valuation v : A → R∪{∞} and M be an A-module. Consider a submodule N ⊂ M . Given x ∈ M , we say x ∈ N v M if for every ǫ > 0, there exists a ∈ A such that v(a) < ǫ and ax ∈ N . Now we extend the definition of dagger closure to finitely generated modules ([1]) and we call this new closure as dagger closure to local domains contained in such an A as above.
Definition 2.2. Let (R, m) be a Noetherian local domain and let A be a local domain containing R with a normalized valuation v : A → R ∪ {∞}. For any finitely generated R-module M and for its submodule N , given x ∈ M we say that
We recall the definition of Dietz closure. 
EXISTENCE OF ALMOST COHEN-MACAULAY ALGEBRAS IMPLIES THE EXISTENCE OF BIG COHEN-MACAULAY ALGEBRA
As mentioned earlier, in [3] , axioms are extended beyond finitely generated modules.
These new axioms should imply that dagger closure (as defined in Definition 2.2) is a Dietz closure even without assuming that the module is finitely generated. The new work also extends the definition of phantom extensions for non finitely generated modules.
We recall the definition of phanton extension for a closure operation (see [5] and [2] ). Let R be a ring with a closure operation cl, M a finitely generated R-module, and α : R → M an injective map with cokernel Q. We have a short exact sequence
Let P • be a projective resolution (equivalently, free resolution since R is local) for Q over R. Then, this yields the following commutative diagram
Let ǫ ∈ Ext 1 R (Q, R) be the element corresponding to this short exact sequence via the Yoneda correspondence. We say that α is a cl-phantom extension, if for above projective
Hom R (P 1 ,R) . When closure operation is dagger closure as defined above, we call cl-phantom extension as 'dag-phantom' extension.
The Algebra Axiom of [9] states that: For any closure operation cl, if R 
main result
In this section we prove the main theorem. We begin with the following lemma.
Lemma 3.1. Let R be a complete Noetherian local domain and let A be an almost CohenMacaulay local domain containing R, possessing a normalized valuation map v : A → R ∪ {∞}. For a finitely generated R-module M , an injection α : R → M is dag-phantom if and only if for every ǫ > 0, there exist an element a ∈ A with v(a) < ǫ and an A-
Proof. Since A is a torsion free R-module ( [9] , Lemma 3.9), A
Observe the short exact sequence
and let P • projective resolution of Q. This implies the following commutative diagram where A ⊗ R P • is a projective resolution (equivalently, free resolution) of A ⊗ R Q over A. 
Clearly, this is true if and only if,
by Lemma 5.6 of [5] . This is equivalent to
where B is the module of coboundaries in Hom R (P 1 , R). Further from definition of dagger closure, this is equivalent to φ ∈ B v Hom R (P 1 ,R) . Finally, from Lemma 5.6 of [5] again, the last statement is equivalent to the fact that the map R α → M is dag-phantom. Now we state our main result. Then there exists a balanced big Cohen-Macaulay algebra over R.
Proof. Consider the dagger closure operation as defined in Definition 2.2 of the previous section and from Theorem 2.4, we know that it is a Dietz closure. Now, if we can show that this dagger closure also satisfies 'Algebra axiom' as stated in [9] , then using Theorem 3.3 of [9] , we can conclude.
To see that dagger closure satisfies the 'Algebra axiom' of [9] , we assume that injective map R α → M is dag-phantom, where M is a finitely generated R-module. From Lemma 3.1, this is equivalent to the fact that for every ǫ > 0, there exist an element a ∈ A with v(a) < ǫ and an A-module homomorphism id A ⊗ R γ ǫ : A ⊗ R M → A, such that (id A ⊗ R γ ǫ ) • (id A ⊗ R α) = a(id A ⊗ R id R ). We need to show that α ′ : R → Sym 
